A temporal model based on the Biot theory is developed to describe the transient ultrasonic propagation in porous media with elastic structure, in which the viscous exchange between fluid and structure are described by fractional derivatives. The fast and slow waves obey a fractional wave equation in the time domain. The solution of Biot's equations in time depends on the Green functions of each of the waves (fast and slow), and their fractional derivatives. The reflection and transmission operators for a slab of porous materials are derived in the time domain, using calculations in the Laplace domain. Their analytical expressions, depend on Green's function of fast and slow waves. Experimental results for slow and fast waves transmitted through human cancellous bone samples are given and compared with theoretical predictions.
A temporal model based on the Biot theory is developed to describe the transient ultrasonic propagation in porous media with elastic structure, in which the viscous exchange between fluid and structure are described by fractional derivatives. The fast and slow waves obey a fractional wave equation in the time domain. The solution of Biot's equations in time depends on the Green functions of each of the waves (fast and slow), and their fractional derivatives. The reflection and transmission operators for a slab of porous materials are derived in the time domain, using calculations in the Laplace domain. Their analytical expressions, depend on Green's function of fast and slow waves. Experimental results for slow and fast waves transmitted through human cancellous bone samples are given and compared with theoretical predictions. V C 2013 Acoustical Society of America. More than 50 years ago, Biot 1 proposed a semiphenomenological theory which provides a rigorous description of the propagation of acoustical waves in porous media saturated by a compressible viscous fluid. Such diphasic materials are supposed to be elastic and homogeneous. Biot's theory was initially introduced for petroleum prospecting and research. Due to its very general and rather fundamental character, it has been applied in various fields of acoustics such as geophysics, underwater acoustics, seismology, ultrasonic characterization of bones, etc. This theory derives the equations of motion for each phase (i.e., the solid frame and the fluid) based on energy considerations which include the inertial, potential, and viscous coupling between the two phases. For an isotropic porous medium, three different bulk modes are predicted, i.e., two compressional waves and one shear wave. One compressional wave, the so-called wave of the first type or fast longitudinal wave, and the transverse wave are similar to the two bulk waves observed in a linear elastic solid. The other longitudinal wave, called a wave of the second kind, or slow wave, is a highly damped and very dispersive mode. It is diffusive at low frequencies and propagative at high frequencies. An important contribution to the understanding of Biot's theory was made by Norris. 2 We follow Biot's approach, owing to its simplicity.
Assessment of bone loss and osteoporosis by ultrasound systems is based on the speed of sound and broadband ultrasound attenuation of a single wave. 3 However, the existence of a second wave in cancellous bone has been reported and its existence is an unequivocal signature of poroelastic media. Cancellous bone is an inhomogeneous porous material consisting of a matrix of solid trabeculae filled with soft bone marrow. The interaction between ultrasound and bone is highly complex. Modeling ultrasonic propagation through trabecular tissue has been considered using porous media theories, such as Biot's theory. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] Most of the work on reflection and transmission of ultrasonic wave in a porous medium (such as cancellous bone, rocks, sintered glass samples) is performed in the frequency domain. 9, 10, [18] [19] [20] [21] [22] [23] [24] [25] [26] This scheme is natural in connection with wave propagation generated by time harmonic incident waves and sources. Pulse propagation in porous media is usually modeled by synthesizing the signal via a Fourier transform of the continuous wave results. On the other hand, experimental measurements are usually carried out using pulses of finite bandwidth. Therefore, direct modeling in the time domain is highly desirable. [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] The attractive feature of a time domain based approach is that the analysis is naturally bounded by the finite duration of ultrasonic pressures and is consequently the most appropriate approach for the transient signal.
However, for wave propagation generated by time harmonic incident waves and sources (monochromatic waves), the frequency analysis is more appropriate. 39 Previous efforts to model the propagation in the time domain have been carried out mainly for porous materials having rigid frame (air-saturated porous materials, as plastic foams) in the high and low frequency range for solving direct and inverse scattering problems. 30, 31, 33, 37 This time domain model is an alternative to the classical frequency domain approach.
In the past, many authors have used fractional calculus 40 as an empirical method to describe the properties of viscoelastic materials, e.g., see Caputo, 41 and Bagley and Torvik. 42 The observation that asymptotic expressions of stiffness and damping in porous materials are proportional to the fractional powers of frequency 30, 32, 43, 44 suggests that time derivatives of a fractional order might describe the behavior of sound waves in this kind of material, including relaxation and frequency dependence. Fractional derivatives are well suited to describe wave propagation in complex media. [45] [46] [47] In our previous work, 30, 31, 33, 34 the fractional derivatives have been used only for porous materials having a rigid structure. In this paper, fractional calculus is used to describe viscous interaction between the fluid and the structure in the time domain for a porous material (cancellous bone), having an elastic structure, using the Biot model modified by Johnson et al. 48 At high frequencies, the viscous losses in the porous material are expressed by the square root of the frequency. In the time domain, these losses are expressed by the fractional derivative, which is essential to express, in the time domain, the propagation equation and the analytical expressions of the reflection and transmission operators. Experimental results for fast and slow waves transmitted through samples of human cancellous bone and hydroxyapatite (substitute of bone) are given and compared with theoretical predictions.
II. FRACTIONAL DERIVATIVE MODEL
The equations of motion of the frame and fluid are given by the Euler equations applied to the Lagrangian density. Here u and U are the displacements of the solid and fluid phases. The equations of motion are given by
where P, Q, and R are generalized elastic constants which are related, via gedanken experiments, to other measurable quantities, namely / (porosity), K f (bulk modulus of the pore fluid), K s (bulk modulus of the elastic solid), and K b (bulk modulus of the porous skeletal frame). N is the shear modulus of the composite as well as that of the skeletal frame.
The equations which explicitly relate P, Q, and R to /, K f , K s , K b , and N are given by
The Young modulus and the Poisson ratio of the solid E s , s , and the skeletal frame E b , b depend on the generalized elastic constant P, Q, and R via the relations
q mn are the "mass coefficients" which are related to the densities of solid (q s ) and fluid (q f ) phases by
The coefficient q 12 represents the mass coupling parameter between the fluid and solid phases and is always negative
a 1 being the tortuosity of the medium. We see in Sec. II A, how the losses will be introduced in the porous media in the frequency domain, and then how to express the problem in the time domain using the concept of fractional derivative.
A. Temporal modified Biot model and fractional derivative
To express the viscous exchanges between the fluid and the structure which play an important role in damping the acoustic wave in porous material, the tortuosity, a 1 , becomes a function of frequency called the dynamic tortuosity 48 a(x). The parts of the fluid affected by this exchange can be estimated by the ratio of a microscopic characteristic length of the medium, for example, pore size to the viscous skin depth thickness, d ¼ (2g/xq f ) 1/2 (g: fluid viscosity, x: angular frequency). This domain corresponds to the region of the fluid in which the velocity distribution is disturbed by the frictional forces at the interface between the fluid and the frame. At high frequencies, the viscous skin thickness is very thin near the radius of the pore, r. The viscous effects are concentrated in a small volume near the surface of the frame d=r ( 1. In this case, the expression of the dynamic tortuosity, a(x), is given by 48 aðxÞ
where K is the viscous characteristic length. Currently, the model of Johnson et al. 48 is the one that best describes the losses in the porous medium in the regime of high frequencies. This model introduces the viscous characteristic length, K, which is a geometric parameter. K is an indicator of pore size narrow, i.e., the privileged place of viscous exchanges. Historically, this model was developed for modeling ultrasound propagation in porous media, for geophysical applications. 48 Because bone is a porous medium, the application of this model is quite natural.
In the time domain, the dynamic tortuosity, a(x), acts as operator and in the asymptotic domain (high frequency approximation), its expression is given by 30, 31 
where d(t) is the Dirac function. In this model the time convolution of t À1/2 with a function is interpreted as a semiderivative operator according to the definition of the fractional derivative of order given in Samko et al., 49 
D
½xðtÞ ¼ 1 CðÀÞ
where 0 < 1 and CðxÞ is the gamma function. A fractional derivative no longer represents the local variations of the function but on the contrary, it acts as a convolution integral operator. More details about the properties of fractional derivatives and about fractional calculus are given in Samko et al.
49
The tortuosity operatorãðtÞ [Eq. (7)] was used successfully in modeling temporal acoustic propagation in porous media with rigid structure. Its introduction in Biot's equations, to describe the inertial and viscous interactions between fluid and structure, will express the propagation equations in the time domain. WhenãðtÞ is used instead of a 1 in Eqs. (1) and (2), the equations of motion (1) and (2) will be written as 
The following notation is used for the convolution integral:
for two causal functions f(t) and g(t). In these equations, the temporal operatorsq 11 ðtÞ,q 12 ðtÞ, andq 22 ðtÞ represent the mass coupling operators between the fluid and solid phases and are given bỹ whereãðtÞ is given by Eq. (7).
B. Fractional propagation equations of Biot's waves and Green functions
As in the case of an elastic solid, the wave equations of dilatational and rotational waves can be obtained using scalar and vector displacement potentials, respectively. Two scalar potentials for the frame and the fluid, U s and U f , respectively, are defined for compressional waves giving
Using, Eqs. (4), (5), (7), and (9), we obtain
where
, D is the Laplacian, and @ 3=2 =@t 3=2 represents the fractional derivative following the definition given by Eq. (8) . The system of equations (11) can be written in matrix form as follows:
The resolution of the eigenvalue problem of the matrix of Biot (12) 
Their corresponding eigenvectors arẽ
and
Coefficients R 0 , P 0 , and Q 0 are given by
Equations (13) and (14) show that the fast and slow waves, U 1 and U 2 , respectively, obey the following propagation equations along the x axis:
where the coefficients v i , h i (i ¼ 1,2), and d are constants, respectively, given by
These coefficients depend on the acoustic and mechanical properties of porous media. Equations (16) are the generalized propagation equations in time domain of fast and slow waves, respectively. These equations contain a fractional derivative term resulting from the viscous exchanges between fluid and structure in the porous medium. Similar propagation equation with fractional derivative term has been obtained when the structure of the porous material is motionless, 30, 31 and when the waves propagate only in the fluid (equivalent fluid model for rigid frame approximation). In the equivalent fluid model, the coefficients of the fractional propagation equation depend essentially on the acoustical parameters (tortuosity and viscous characteristic length); the mechanical properties are not involved unlike this general model of Biot. This fractional propagation equation has been solved analytically in the time domain 50, 51 giving the Green function (Appendix A) of the porous medium.
The first and second terms in the propagation equations (16) (8)]. This term is the most important one for describing the dispersion, memory effects due to relaxation processes, and the acoustic attenuation in the porous materials. These effects are due to the losses in the medium modeled by the viscous exchanges between fluid and structure, and described by the viscous characteristic length, K. This term results from the time convolution of the fractional derivatives operators of tortuosityãðtÞ with the second time derivative of solid and fluid displacement (acceleration). The high frequency components of the transient signal are the most sensitive to this term (due to the fractional derivative).
The final term in the propagation equations (16): dð@U i ðx; tÞ=@tÞ is an attenuating term; it results on the attenuation of the wave without dispersion. 51 This term describes the acoustic attenuation due to the viscous interactions between fluid and structure. The low frequency components of the transient signal are the most sensitive to this term.
C. Solution of the Biot's equations in time domain
The "eigenvectors operators"= 1 ðtÞ and= 2 ðtÞ associated with the "eigenvalues operators"k 1 ðtÞ andk 2 
where I is the unit operator. Knowing the expressions of U 1 ðx; tÞ ¼ G 1 ðx; tÞ and U 2 ðx; tÞ ¼ G 2 ðx; tÞ (Green functions given in Appendix A), solutions of the fractional propagation of fast and slow waves (16), we deduce the following expressions of fluid and solid potentials:
Equations (18) and (19) show that the fluid and solid potentials of the porous medium depend on the Green functions of the fast and slow waves, and their fractional derivative of order 1/2. This result is very important for the understanding of the acoustic propagation inside the porous material in the time domain, and to the solution of the direct problem. In this paper, we consider the general case of acoustic propagation in a porous medium with an elastic structure. Biot theory used in this work takes into account the propagation in the solid and fluid porous material. In our previous work, 30, 31, 44, 50, 51 we considered the case where the structure of the porous material is rigid; we used the model of equivalent fluid, which is a special case of the general model of Biot, in which the acoustic wave is propagated in the saturating fluid. The fast and slow waves predicted by the Biot theory follow an equation of propagation fractional derivative identical to that found in the context of the porous material with a rigid structure. The complexity of this work is to calculate analytically in temporal domain, the total wave (reflected and transmitted by the material), which depends on the slow and fast wave, predicted by the Biot theory.
Section III is devoted to the calculus of the temporal responses (reflection and transmission scattering operators) of the porous material using the fractional derivative propagation equation (16) , the expressions of fast and slow waves, and the boundary conditions.
III. REFLECTION AND TRANSMISSION SCATTERING OPERATORS
When a sound wave in the fluid impinges upon a porous medium at normal incidence, part of it is reflected back into the fluid, part is transmitted into the porous medium as a fast wave, and part is transmitted as a slow wave. For nonnormal angles of incidence, part of it is also transmitted as a shear wave. In this paper, we consider only the reflection and transmission at normal incidence. In this section some notations are introduced. The problem geometry is shown in Fig. 1 . A homogeneous porous material occupies the region 0 x L. This medium is assumed to be isotropic and to have an elastic frame. A short sound pulse impinges normally on the medium from the left. It generates solid and fluid displacements u and U, respectively, inside the porous medium, which satisfies the propagation equations (9) . If the incident sound wave is launched in region x 0, then the expression of the pressure field in the region to the left of the material is the sum of the incident and reflected fields
where p 1 (x,t) is the field in region x < 0, and p i and p r denote the incident and reflected waves, respectively. In addition, a transmitted field is produced in the region at the right of the boundary. This has the form
is the field in region x > L, and p t is the transmitted field].
The incident and scattered fields are related by the scattering operators (i.e., reflection and transmission operators) for the material. These are integral operators represented by
In Eqs. (20) and (21), the functionsR andT are the reflection and transmission kernels, respectively, for incidence from the left. Note that the lower limit of integration in Eqs. (20) and (21) is given as 0, which is equivalent to assuming that the incident wave front first impinges on the material at t ¼ 0. The scattering operators given in Eqs. (20) and (21) 
F 4 ðzÞ ¼ F 1 ðzÞ þ F 2 ðzÞ;
where k 1 (z), k 2 (z), = 1 ðzÞ, and = 2 ðzÞ are, respectively, the Laplace transform of the eigenvalues and the eigenvectors operators of the system (11). The coefficients w 1 (z), w 2 (z), and w 3 (z) are given by By putting the Laplace variable z ¼ jx, where j 2 ¼ À1 and x is the angular frequency, we find the expressions of reflection and transmission coefficients in Fourier (frequency) domain. 9 The relations (22) and (23) are complicated and it is very hard (if not impossible) to obtain their inverse Laplace transforms. These expressions should be simplified and transformed for obtaining their temporal equivalent. This work is studied in Sec. III A.
A. Temporal expressions of the reflection and transmission operators
In this section, we will seek the temporal expression of the reflection and transmission operators. The expressions (22) and (23) can be decomposed as simple elements
After some developments (see Appendix C), the expressions of R(z) and T(z) become The obtained expressions (28) and (29) 
The term X(z) can be deduced as
An analog expression for Y(z) is obtained by replacing the indic 1 by 2 in relation (30) . By replacing = 1 ðzÞ and = 2 ðzÞ by their relations, we obtain
By taking into account the approximation of high frequency range (large values of z), we obtain at the first order in 1=
The obtained expressions of X(z) and Y(z) at the first order in 1= ffiffi z p are
; using the notations
Note by
with a ¼ V=ðU À 1Þ, we have also
It is now possible to calculate the temporal expressions of reflection and transmission coefficients from the expressions (28) and (29) . Using the expressions of the inverse Laplace transform given in Appendix D, we obtain the following temporal expression of the reflection scattering operator:
with
The transmission operator is given bỹ
Ã G 2 ðt; LÞ; (34) with the notations for i ¼ 1,2,
G i (t), i ¼ 1,2 are the Green functions of the fast and slow waves, respectively. Their expressions are given in Appendix.
A. These functions describe the propagation inside the porous material. In the expressions of the reflection and transmission scattering operators (31) and (34), only the first reflections at the interfaces x ¼ 0 and x ¼ L are taken into account. The multiple reflections effects are negligible because of the high attenuation of sound waves in these media. In the case of a semi-infinite medium when L ! 1; G i ðt; 2LÞ ! 0, i ¼ 1; 2. This means that r(t) is equivalent to the reflection by the first interface x ¼ 0 and <ðtÞ to the reflection to the rear interface (x ¼ L). The first term of rðtÞ : ½ð1 þ UÞ=ð1 À UÞdðtÞ corresponds to the instantaneously response of the porous material by the first interface x ¼ 0. The part of the wave which is equivalent to this term is not subjected to dispersion but simply multiplied by the factor ð1 þ UÞ=ð1 À UÞ. The second term of rðtÞ : ½2a=ð1 À UÞ½Àð1= ffiffiffiffi ffi pt p Þ þ ae a 2 t Erfcða ffi ffi t p Þ depends on the fractional derivative operator, and expresses the attenuation and dispersion process due to the viscous and mechanical interactions between fluid and structure. This memory term expresses the relaxation phenomenon on the reflected wave by the first interface.
The temporal operator <ðtÞ is equivalent to the reflection by the second interface x ¼ L of the porous material. This term depends on the Green functions G 1 (t, 2L) and G 2 (t, 2L), which describe the propagation and the dispersion of the fast and slow wave making one round trip inside the porous slab.
The temporal expression of the transmission operator (34) shows the contribution of each of the fast and slow waves on the total transmitted wave through the Green functions of each of the waves (fast and slow).
The and mechanical parameters of the porous material on the reflection contributions by the interfaces of the media. Moreover, it is easy to see the effect of each wave (fast and slow) on the response of porous media, and to understand the propagation of these modes within the material, and their reflection and transmission to outside the material.
In Sec. IV, we give an experimental validation of the transmission operator using experimental and simulated transmitted waves on a human cancellous bone and bone substitute (hydroxyapatite).
IV. EXPERIMENTAL VALIDATION
We will try, in this section, to experimentally validate our temporal model by comparing theoretical and experimental transmitted waves. Experiments are performed in water using two broadband Panametrics (Southend-on-Sea, Essex, UK) A 303S piezoelectric transducers with a central frequency of 1 Mhz in water. 400 V pulses are provided by a 5058PR Panametrics pulser/receiver. The signals received are amplified to 90 dB and filtered above 10 MHz to avoid high frequency noise (energy is totally filtered by the sample in this upper frequency domain). Electronic interference is removed by 1000 acquisition averages. The experimental setup is shown in Fig. 2 . The parallel-faced samples were machined from human cancellous bone in femoral heads and hydroxyapatite (a substitute for bone). The emitting transducer insonifies the sample at normal incidence with a short (in time domain) pulse. When the pulse hits the front surface of the sample, a part is reflected, a part is transmitted as a fast wave, and a part is transmitted as a slow wave. When any of these components, traveling at different speeds, hit the second surface, a similar effect takes place: a part is transmitted into the fluid, and a part is reflected as a fast or slow wave. It is assumed that the surface porosity is equal to the volume porosity in the porous material. The experimental transmitted waveforms are traveling through the cancellous bone in the same direction as the trabecular alignment (x direction). The fluid characteristics are bulk modulus,
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. Four samples of human bones (B1-B4) and a sample of hydroxyapatite (H) are considered in this study. Their physical characteristics are measured (Appendix E) using standard methods 10, 31, 52, 53 and given in Table I . The simulated signals are computed from Eq. (21) , in which the transmission operatorT ðtÞ is given by Eq. (34) , and p i ðtÞ is the incident signal generated by the transducer. Figures 3(a) and 3(b) show, for example, the experimental incident signal p i ðtÞ and its spectrum used for the bone samples B2-B4. The experimental data are deduced from the transmitted field scattered by a slab of cancellous bone sample (or hydroxyapatite sample) of finite depth 0 x L. of the experimental signals, the presence of two waveforms. The first waveform corresponds to the fast wave, and the second to the slow wave. The two waves are easily distinguished. These two waves are described by the Biot theory given in Secs. II B and II C. In our previous work, we used a frequency model, which required the calculation of the inverse Fourier transform numerically, in order to trace the curves of transmitted waves. A comparison between the transmitted waves calculated with this temporal model and the frequency model 9 gives exactly the identical result (the same in Figs. 4-8) . It is better at any time to have an analytical model for transient signals, rather than a numerical model based on the calculation of the inverse Fourier transform. This temporal model is an interesting alternative to the frequency model developed in our previous studies. The comparison between theoretical and experimental data shows very good agreement. This allows us to conclude that this temporal model is well suited for the description of acoustic propagation in porous media obeying the Biot theory. Generally, the responses (reflection and transmission) of a porous material (cancellous bone, for example) to an acoustic excitation are calculated in the frequency 9,10 domain or in the Laplace [18] [19] [20] 54 domain. When simulating waveforms propagating in such media, the inverse Fourier transform, 9, 10 or the inverse Laplace transform [18] [19] [20] 54 are used for the calculation in the time domain of the reflected and transmitted waves. The advantage of this work is that the analytical expressions of the responses (reflection and transmission) of the porous material are given and expressed directly in the time domain. We hope, through this temporal modeling, to solve the inverse problem directly in the time domain, which allows us to perform ultrasonic characterization of porous materials such as cancellous bone.
V. CONCLUSION
In this paper, the problem of ultrasound propagation in a porous medium obeying Biot's theory has been treated. The aim of this work was to express the responses of the porous material (reflection and transmission) analytically in the time domain. The concept of fractional derivative was used to express the viscous losses in the porous material. The formulation of the problem in time showed that the fast and slow waves obey a wave equation with fractional derivative. This equation has been studied in our previous work 30, 31 in the case of a rigid porous structure. The solutions of Biot's equations in the time domain is expressed by the Green functions of fast and slow waves. This solution will, in the future, enable us to better understand the Biot wave propagation in the time domain. Operators of reflection and transmission show the contribution of the first and second interface, as well as the transmitted fast and slow responses of the material. Through this temporal modeling, solving the inverse problem directly in the time domain would be possible, allowing ultrasonic characterization of porous materials at high frequencies, with a particular application to cancellous bone tissue. Finally, this study illustrates the importance of using fractional derivatives to describe, in the time domain, the acoustic propagation in porous media. 
The obtained expressions (28) and (29) are available for large values of z corresponding to the high frequency range 48 considered in this paper.
